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Heaviside Expansion Formula

Case I If Q(s) contains an unrepeated linear factor (s - a), then £1) contains the term

H(a) e*
where
_ P(s) (s—a) - P@
HE) = =56 " HO = 5@y
Derivation
We can write

g_((?)_ = Séd + G(s)

in which 4 is 2 constant and G(s) has no factor (s — a) in the numerator or denominator. Then
£ = Ae” + L7[G()]
To solve for A, note that

H(s) = f—(%a—;-“l = A+ (s—a) G(s)

Then 4 = limH(s) = H(s) = H(a) and the factor 4 gives rise to the s - a term H(a) e in f{1).

Since Q(a) = 0, we can also write

P6) (s —a) = —s=a__ e s o _ PU)
o) s —a) P(s)( 0G) - 0@ ) Letting s -~ awe get A o'

where Q' (a) = -gs-Q(S) .

CaseJI Ifk > 2 and O(s) contains the linear factor (s ~ a)*, but not (s —a)**, then A) contains the
termn

+ H(a)-(T"_“-'l—)—! ]e‘"

H-'@)  H*%a) 4  HE@ g Ha) 2
[(k—l)!+(k—z)! Tt e=r VT ooy

in which
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_ £i)
HE) = £ - a)*

and HY(a) denotes the j — th derivative of H(s) evaluated ats = a.

Derivation

We can write
P(s) A4 Az As Ak ‘
o6) " T-a T Gaar T Goa T GoaF T OO

where (s — @) does not appear in G(s).

Then
H(s) = -gi(%(s —a@)t = Ay(s - @)t Ap(s— @R 4 e b di (5 — @) + Ap
+ (s —a)*G(s)
HmHG) H(a) = A; |
s-a
Now compute

H'(s) = Ajtk~ )k —2)(s —a)** + A2k~ 2)(k - 3)(s —a)™* + ...

+ 2455 + k(k — 1)(s — a)*2G(s) + 2k(s = a)*' G/ (s) + (s - a)*G" (5)

Then imH"(s) = H"(a) = 244z or Az = +H"(a)

s —~+a
Continuing in this fashion, we find that
HOa) = (3)(2)4rs
H®XD) = (k=1)(k~2) -+ (3)(2) 4y

Therefore, in general

Apy = H;f,"” forj=0,1,2 - (k~1)
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Thus,

P(s) _ H®&U@ 9 N H*=2Xa) . 1 + HE&Na) 1 -
OG) ~ (k—1) Fa@T Gk-2)  G-a)2 (k-3 (s—a)

s H@ 1 g

1 | (S - a)k—l

(R

Now, we know that

cotar )= S

Thus, we end up with the factor in £f) corresponding to (s — a)* in O(s) is given by

H*YD o HEDD g . D 2
k-1 k-2)! 11 (k-3)! 21

H'a) ¢
I k=2)

at ! ar
e” + H(a) (k——l—)_' e

as we wanted to show.

Case II  If O(s) contains the unrepeated quadratic factor (s — a)? + 42, then ) contains the terms

%—[a;cos (bt) + a,sin (b1) ] e

in which
o, = Re[H(a +ib)], a, = Im[H(a+ib))]
and
_ P

H(s) = W[(S —a)? + b?]
Denvation
Write

P(S) = As+ B + G(S)

o(s) (s —a)? +b2
Where [(s - a)? + b?] does not appear in G(s).
Then

24
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H(s) = [(s —a)? + bz]-gi(% = As+B +[(s —a)? +52] G(s)
Now limH(s) = H(a+ib) = ad + B +ibA
s=>a+ib

Thena, = ad + B and a; = bA.

Solve for A and B to obtain

A=%a;aﬂdB= .z-,.g.f%-aﬂ

P(s) _ 1 a,(s—a) ba,
0G) Bl (s—a)+b? * (s —a)? +b? ]+G(s)

Therefore, the contribution to f{¢) from this quadratic factor is

.’l’_ﬁ-l[—(;%%%?:l-l‘%ﬂ_l[@_‘-‘%m] = %[a,-cos (&1) + a,sin (br)] e”

as desired!
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