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Abstract

We present, both experimentally and theoretically, the results on third harmonic generation in air during the filam-

entation of a powerful femtosecond laser pulse. The third harmonic beam pattern shows a central spot on the propa-

gation axis at lower pump energy and is then surrounded by bright third harmonic conical emission at higher pump

energy. We argue that the combined action of self-focusing and plasma generation in air plays an important role for

the on-axis and off-axis phase-matching conditions along the filament resulting in high conversion efficiency. The exper-

imental results are in good qualitative agreement with numerical simulations.
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1. Introduction

High-harmonic generation in gases has stimu-

lated a lot of research interest because of its prom-

ising method for achieving high intensity, short

wavelength coherent light sources [1]. In particu-

lar, third-harmonic (TH) generated in air with
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femtosecond laser pulses has shown conversion
efficiency as high as 0.2% [2–4] and potential appli-

cations in lidar measurements using time-resolved

broadband spectroscopy [5,6]. The propagation

of high peak power femtosecond laser pulses in

transparent matter induces long filaments [7] and

refocusing [8,9] along the propagation of the laser

pulses. The mechanism for femtosecond laser

pulses propagating over long distances in optical
media is the dynamic interplay between the Kerr

self-focusing due to nonlinear intensity-dependent
ed.
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refractive index and defocusing from low-density

plasma induced by multiphoton ionization. The

plasma generation balances the self-focusing effect

and leads to a limited beam diameter as well as

limited peak intensity along the femtosecond laser
pulse propagation. This is known as intensity

clamping [10,11]. The peak intensity during filam-

entation in air is clamped down to about 5 · 1013

W/cm2 which is sufficient to generate higher har-

monics [2,4,12–14].

It has been demonstrated that as the intensity of

the fundamental pulse Ix increases, the TH energy

generated in air is proportional to I4:2x for low
pump intensity and to I0:45x for higher pump inten-

sity [13,14]. The spectrum of the TH shows red

shift or blue shift with respect to the three fold in-

crease in frequency of the fundamental spectrum

as a function of the pump energy and focal length

lens used [3,4]. Recently, theoretical and experi-

mental results have demonstrated that during fem-

tosecond laser-induced filamentation in air an
ultrashort TH pulse is generated forming a two-

colored filament [2]. This two-color filamentation

effect is due to a nonlinear intensity-dependent

phase-locking between the fundamental and the

TH pulses which could extend the phase-matching

condition over longer propagation distance.

The purpose of this study was to further inves-

tigate the behavior of TH generation in air during
the propagation of intense femtosecond laser

pulses. To this end we measured the TH beam pro-

file and the TH conversion efficiency at different

pump energies. The experimental data are ana-

lyzed together with results of numerical simula-

tions using a spatiotemporal dynamics model of

the propagation of both the fundamental and the

TH pulses. We shall show below that the third har-
monic generated in air is due to both on-axis and

off-axis phase-matching conditions along the prop-

agation of the laser pulses which lead to a TH

beam profile taking the form of a ring structure

surrounding a central spot [4,15].
Fig. 1. Experimental setup for the (a) TH far-field beam profile

imaging system and (b) TH energy measurement setup.
2. Experimental setup

The experiments were conducted using a Ti-

sapphire chirped-pulse amplification (CPA) laser
system, which generates femtosecond laser pulses

with a central wavelength at 807 nm, a repetition

rate of 1 kHz and a transform limited pulse dura-

tion of 39 fs (FWHM). The diameter of the elliptic

beam mode at the 1/e2 level was dH = 8.0 mm and
dV = 6.3 mm where dH and dV are horizontal and

vertical diameters, respectively. Laser pulses with

energies ranging from 20 lJ to 2.0 mJ were focused

into air at ambient pressure using a 100 cm focal

length lens (L1). The far-field beam profile of the

third harmonic generated in air was measured

using an intensified CCD camera (ICCD) (see

Fig. 1(a)). Dielectric dichroic mirrors (D1) with
high reflectivity within the spectral range from

240 to 290 nm at 0� incident angle and high trans-

mission for visible and infrared light, as well as a

bandpass filter (B1) centered at 266 nm with a 25

nm bandwidth (FWHM) were fixed in front of

the ICCD to suppress the fundamental pulse and

image the third harmonic beam profile onto the

time-gated detector.
Beyond the filament, the energy of the TH pulse

was measured using a second experimental setup

shown in Fig. 1(b). The fundamental pulse and

the generated TH pulses were collimated using a

plano-convexe lens (L2) and then separated by

two successive gratings (G1) and the TH energy

was measured by a calibrated photomultiplier tube

(PMT). The use of bandpass filter was avoided to
prevent saturable transmission of the bandpass
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filter from high intensity of the fundamental pulse

and third-harmonic pulse which could affect the

energy measurement. In front of the collimating

lens, an iris or a mask was installed to selectively

transmit the TH central part or the TH ring struc-
ture, respectively, and their energy content was

measured. The energy of the fundamental pulse

was measured before the filament using a cali-

brated photodiode.
3. Experimental results

In order to study the TH generation in air, the

characteristics of the third harmonic far-field beam

profile and the energy of the TH as a function of

the fundamental pulse energy are presented. In

Fig. 2(a)–(d), the experimental results of the TH

far-field beam profile generated in air using a 100

cm focal length lens are shown for four different
Fig. 2. TH pictures and profiles taken by ICCD camera at different pu

100 cm focal length lens. Simulated spatial profile of the TH at differen
pump energies. We used the experimental setup

described in Fig. 1(a) to investigate the fluence dis-

tribution of the TH. The relative intensity between

the TH central spot and the rings were corrected

for the transmission of the bandpass filter (central
wavelength: 266 nm, bandwidth: 25 nm). The filter

used in the experimental setup shown in Fig. 1(a)

attenuated two times more the ring structure than

the central spot due to different spectral composi-

tion in the ring part and the central spot of the

TH beam profile (see below). For pump energy

between 20 and 225 lJ (Fig. 2(a)), the spatial dis-

tribution of the TH emerging from the filament
was limited to a rather smooth spot centered on

the propagation axis and having half-angle diver-

gence of 0.5 mrad. Starting from a pump energy

of 225 lJ/pulse to 400 lJ/pulse, an interesting fea-

ture was observed: a ring appeared in the TH beam

profile at a cone angle of 5 mrad surrounding the

previous central spot (Fig. 2(b)). Using higher
mp energy (a) 100 lJ, (b) 400 lJ, (c) 500 lJ and (d) 1.3 mJ using

t pump energy (e) 85 lJ, (f) 340 lJ, (g) 510 lJ and (h) 1.278 mJ.



Fig. 4. Total energy of the TH generated in air as function of

the fundamental energy and the TH energy contained in the

rings structure and central spot using 100 cm focal length lens

(a) experimental measurements done with setup shown in Fig.

1(b) and (b) numerical simulation.
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pump energy, the single ring observed in the TH

beam profile changes to a set of complex ring

structure shown in Fig. 2(c) and (d) at a cone an-

gles between 5 and 6 mrad.

The experimental spectrum of the TH ring and
central part are shown in Fig. 3 using a pump en-

ergy of 500 lJ. The spectral characteristics of each
section of the third harmonic profile were meas-

ured with a spectrometer. The dash-dot line in

Fig. 3 represents the cubic intensity distribution

of the fundamental spectrum with a three fold

increase in frequency (i.e. I3(3*x)) measured after

the filament. This spectrum is considered as a ref-
erence TH spectrum to show the relative red-shift

and blue-shift of the TH spectral profile shown

in Fig. 3. Using a 100 cm focal length lens and

for the range of pump energies used in this exper-

iment, the peak wavelength of the TH ring spec-

trum was centered around 273 nm, which is

red-shifted relative to reference TH spectrum.

The peak wavelength of the TH central part is
measured to be around 267 nm, which is

blue-shifted for the same range of pump energy.

The FWHM spectral width of the TH ring is about

10 nm and the spectral width of the TH central

part is around 3 nm.

Fig. 4(a) presents the total energy of the TH

measured with a calibrated PMT and the energy

contained in the TH central part and ring structure
as a function of the input fundamental energy. For

pump energies between 20 and 225 lJ, the total
Fig. 3. Experimental TH spectrum of central part (gray line)

and ring (black line) generated in atmospheric air at pump

energy of 500 lJ using 100 cm focal length lens. The dash-dot

line represents the cubic intensity of the fundamental spectrum

with a three fold increase in frequency after the filament (i.e.

I3(3*x)).
energy of the TH is mainly due to the TH central

part, which is well correlated with the recorded TH

beam profile (see Fig. 2(a)). Power-law dependence

with an exponent of 3.3 is observed for this range

of energy for both the total energy and the energy
contained in the central spot. However, for pump

energies between 225 and 330 lJ, we observed a

faster exponential growth of the total TH energy

which is associated to a rapid increase of the TH

ring energy. For this range of pump energies, most

of the TH energy is contained in the rings structure

and both the total TH energy and TH ring energy

have a power-law exponent of 9. The steep change
of the exponential growth in the TH ring energy as

a function of the pump energy is observed to cor-

respond to a pump pulse energy reaching the

intensity clamping regime in atmospheric air.

Using higher pump energy (between 330 lJ to

2 mJ), the energy of the TH rings structure



Fig. 5. Measured conversion efficiency of the TH generated in

atmospheric air as function of the fundamental energy.
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saturated and the TH central spot energy contin-

ued to increase but at a much slower rate; more

than 90% of the total TH energy is contained in

the rings structure.

Fig. 5 presents the experimental TH conversion

efficiency (TH energy/pump energy) on the funda-
mental laser energy for 100 cm focal length lens.

An interesting feature is that the total as well as

the ring�s conversion efficiency increases rapidly

to a maximum and then decreases slowly with fur-

ther increase of the fundamental energy. The max-

imum conversion efficiency corresponds to a pump

energy at which the energy contained in the TH

ring starts to saturate. The conversion efficiency
of the TH central part increases with pump energy

and becomes constant for pump energy higher

than 1.5 mJ.
4. Numerical simulations

An important requirement for the efficient gen-
eration of harmonics is that the phase should be

matched over an appreciable interaction length.

In the limit of perfect phase matching, it is known

that for a tightly focusing geometry there is no net

TH generation since the light generated prior to

the focus destructively interferes with the TH gen-

erated after the geometrical focus. This is the result

of the Guoy phase shift in which the TH energy
generated before the focus is given back to the

pump [16]. As the intensity of the pump increases

(or pump energy) nonlinear effects become impor-

tant which changes the phase of the pump [17,18]
and starts to compensate for the Guoy shift where

efficient TH can be generated [2]. Third harmonic

generation in air from high-power femtosecond la-

ser pulses includes effects such as diffraction, self-

focusing, plasma generation and group-velocity
dispersion. In this respect, a rigorous theoretical

analysis of the full dynamics and interaction of

both the pump and third-harmonic pulses is re-

quired. Our model is described by a set of coupled

equations, which can be written in dimensionless

form in the retarded coordinate system (s = t � z/

vg(x)) as:
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Here, ex and e3x are the electric field envelope
functions, normalized to the peak value of the in-

put pump field e0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2P 0=pw2

0

p
. The subscripts x

and 3x denote the fundamental and TH pulses,

respectively. The propagation direction z is given

in units of LDF ¼ kxw2
0=2, the temporal coordinate

s in units of the input pulse width s0, and the trans-

verse coordinate r in units of the input beam radius

w0. The following length scales are also used:
LNL = (n2kxI0)

�1 is a nonlinear length scale, where

I0 = |e0|
2, n2 is the nonlinear index of refraction,

and LPL = kxmec
2/2pe2N0 is the plasma length

scale, where N0 is the number density of neutral

air molecules. LDm ¼ ½v�1
g ð3xÞ � v�1

g ðxÞ��1s0, repre-
sents the characteristic temporal walk-off distance

due to the group-velocity mismatch between the
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two pulses, where vg(x) and vg(3x) are the group

velocities of the pump and TH pulses, respectively.

Ld ¼ s20=2k
00
x and L0

d ¼ s20=2k
00
3x are the length scales

due to group-velocity dispersion of the fundamen-

tal and third harmonic, respectively, where
k00x ¼ 0:2 fs2=cm and k003x ¼ 1:0 fs2=cm. Finally,

LDk = |Dkj�1 = |3kx � k3x|
�1 is the linear wave

vector mismatch length scale in the wave vectors

kx = nxk0 and k3x = n3x3k0, where Dk = 3k0(nx �
n3x) = �5.0 cm�1. Electron generation through

multiphoton ionization of N2 and O2 is taken into

account by the rates Cx and C3x, which are

approximated by fitting the ionization rates into
the form rIn for the relevant intensity range, using

the model of Muth-Böhm et al. [19]. The electron

density Ne is normalized to N0, and LAbs = N0r/
2n�hx accounts for ionization losses.

For the numerical simulations we have consid-

ered the propagation of a linearly polarized, colli-

mated Gaussian input laser pulse with a center

wavelength at k0 = 807 nm and a pulse duration
sFWHM = 40 fs; this is then focused with a lens of

focal length of 100 cm in air at atmospheric pres-

sure. We verified the numerical results by changing

the value of the critical power of self-focusing and

beam radius. It appears that TH energy and far

field pattern are dependent on these parameters.

The qualitative results such as the central part

and the ring structure remain the same, but they
appear at different pump energies in the simula-

tions than in the experiments. We have used laser

input powers, P0, below and above the critical

power, P cr ¼ k20=2pnxn2 ¼ 10 GW needed for

self-focusing in air. The initial transverse beam

profile in the experiment was more elliptic. How-

ever, the numerical code is limited to a cylindrical

symmetric beam profile and we therefore chose an
effective initial beam radius of w0 = 3 mm (at 1/e2

of intensity) for the numerical simulations. The

set of Eqs. (1)–(3) were then integrated numerically

with the initial condition e3x (z = 0) = 0.

The numerical results for the far-field TH flu-

ence distribution at 20 cm beyond the geometrical

focus are shown in Fig. 2(e)–(h). For pump powers

below the critical power for self-focusing, the TH
generation is limited to a central spot (Fig. 2(e))

and the TH conversion efficiency is low (see Fig.

4(b)). As the pump energy is further increased
the nonlinear phase compensates the Guoy phase

shift on-axis but there is a preferable phase-match-

ing achieved off-axis since the beam has a cone of

available wave vectors. For pump powers around

the critical power for self-focusing in air, a TH ring
appeared at a cone angle of 6 mrad and a signifi-

cant on-axis component of the TH is still observed

(see Fig. 2(f)). The simulated cone angle (h = 6

mrad) and the relative fluence distribution between

the ring and the central part are almost equal to

the value measured from the above experimental

results. However in this regime, Fig. 4 shows that

on-axis TH is generated but not as efficiently as
off-axis and the energy in the TH central part

and rings start to deviate from each other. For

pump energies higher than 350 lJ, the intensity

along the filament is clamped and a longer filament

is generated. In the latter case, we may expect that

as the filament length is increased more energy

should be converted to the TH. However, along

the propagation of the filament a slight spatial
walk-off between the pump and TH conical emis-

sion is created and limits the efficient TH genera-

tion at the expected cone angle. This suggests

that most of the TH ring energy is generated at

the beginning of the self-focusing distance. If the

pump energy is increased above the threshold for

self-focusing and the length of the filament is

increased, the TH ring energy saturated and the
single ring obtained in the TH beam profile chan-

ged to a complex ring structure (Fig. 2(g) and (h)).

This multiple rings structure is due to multiple

phase-matching condition achieved off-axis at dif-

ferent cone angles as the pump energy is increased

[17,18,20].

However, for pump energies above the thresh-

old for self-focusing, the on-axis TH is still effi-
ciently generated as the pump energy is

increased despite the fact the peak pump intensity

does not significantly increases anymore after 400

lJ. Then, there must be some quasi-phase match-

ing achieved on-axis so that as the interaction

length is increased, more energy is converted to

the TH central part (see Fig. 2(h)) which catches

up as the pump energy is increased (see Fig. 4(b)).
This phase-matching condition of the central part

on longer propagating distance is due to a nonlin-

ear intensity-dependent phase-locking between
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the fundamental pulse and the TH central part

[2].
5. Summary and conclusions

In conclusion, we have shown that third-order

harmonic generation in air by high power near-

infrared femtosecond laser pulses results in both

on-axis and off-axis phase-matching conditions.

The third-harmonic conical emission appeared

at pump power around the critical power for self-

focusing where off-axis phase-matching condi-
tions have been generated at the beginning of

the filament. The TH rings energy increased rap-

idly with strong conversion efficiency and then

saturated for higher pump energy. On-axis TH

increased exponentially with pump power below

and above the critical power of self-focusing.

The central part of the TH beam profile was

phase-matched with the pump pulse over longer
propagation distances due to the nonlinear inten-

sity-dependent phase-locking. However, for the

range of pump energies considered in this paper,

most of the TH energy generated in air was

attributed to conical emission.
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