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Non-diffractive vector Bessel beams

ZDENEK BOUCHALt and MAREK OLIVIK
Department of Optics, Palacky University, 17 . listopadu 50,
772 07 Olomouc, Czech Republic

(Received 14 November 1994 and accepted 30 January 1995)

Abstract . The non-diffractive vector Bessel beams of an arbitrary order are
examined as both the solution to the vector Helmholtz wave equation and the
superposition of vector components of the angular spectrum . The transverse and
longitudinal intensity components of the vector Bessel beams are analysed for the
radial, azimuthal, circular and linear polarizations . The radially and azimuthally
polarized beams are assumed to be formed by the axicon polarizers used with the
initially unpolarized or linearly polarized light . Conditions in which the linearly
polarized Bessel beams can be approximated by the scalar solutions to the wave
equation are also discussed .

1 . Introduction
The concept of the so-called diffractionless propagation of electromagnetic

waves, proposed for the first time by Durnin [1, 2], plays an important role in optics
as it provides convenient techniques for reducing an inevitable diffractive spreading
and enhancing beam directivity . Exact solutions to the scalar wave equation known
as Bessel beams [4], Gauss-Bessel beams [5-7] and Weber beams [8] were obtained
for free-space propagation. The aperture realizations of such beams were simulated
numerically to examine properties of the realistic nearly non-diffracting fields
[8-10] . Various apodization techniques were proposed to eliminate the undesirable
oscillatory behaviour of the axial intensity of the truncated beams [11-13] . There
exist several experiments for generating the nearly non-diffracting fields . The
simplest solution to the scalar wave equation, the zero-order Bessel beam, can be
obtained by applying an annular ring mask [14], holographic optical element [15, 16],
reflective, refractive or diffractive axicons [17-20], aberrated lens [18] or two-
element aspherical system [21, 22] . Bessel-Gauss beams can also be generated
directly from the laser resonator [23, 24] .

Recently, attention has also been concentrated on the vector non-diffractive
solutions to the free-space wave equation . Romea and Kimura [25] developed the
wave equation on the assumption that the longitudinal electric field resembles
the zero-order Bessel function of the first kind . The model resulted in a radially
polarized diffraction-free beam whose radial electric field corresponds to the
first-order Bessel function of the first kind . The radially polarized non-diffracting
beam was also realized experimentally by Tidwel et al . [26] and it was suggested that
it could be used for accelerating relativistic particles . The azimuthally polarized

t Also with joint Laboratory of Optics of Palacky University and Physical Institute of
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non-diffracting beams were examined by Jordan and Hall [27] . Such beams were
obtained as solutions to the paraxial wave equation for the azimuthal beam
component .

This paper describes the non-diffractive beams as solutions to the vector
Helmholtz wave equation . The possibility of realizing such a beam experimentally
is explored by applying the vector angular spectrum composed of polarized plane
waves. We examine the general solutions providing radially, azimuthally, circularly
and linearly polarized Bessel beams of an arbitrary order . The radially and
azimuthally polarized beams discussed in [25, 26] can be obtained from our results
as special solutions . We also derive expressions for the transverse and longitudinal
electric fields of the linearly polarized Bessel beams . The electric field components
are circularly non-symmetric and in general cannot be approximated by the scalar
solution to the wave equation, as stated [27] . Radial and azimuthal polarizations are
examined for the non-diffracting beams produced by axicon polarizers by using
initially unpolarized and linearly polarized light, respectively .

2. Concept of the vector non-diffractive beams
2 .1 . Solutions to the vector wave equation

Consider a monochromatic electromagnetic field with the electric vector E given
in the form

E(r, t) = ? [ U(r) exp ( - i(ot) + U*(r) exp (icot],

	

(1)

where U is a complex vector amplitude . On the assumption that the electromagnetic
field propagates through a source-free homogeneous isotropic medium, its vector
potential A can be written as a superposition of the solutions to the vector Helmholtz
wave equation [3]

where

1
A(r) =

iw
(anMn + anNn + ynLn),

n

L=VP ,

M=VXuW,

(2)

The used symbols u and Y' denote an arbitrary constant vector and a solution to
the scalar Helmholtz wave equation, respectively, and k is the wave number . As the
vector potential is assumed to be solenoidal, the vector complex amplitude can be
written in the form

U(r) a,M n + /3,N,.

	

( 3)
n

On the assumption that u =- u x is the unit vector in the z-direction and the solutions
of the scalar wave equation Wn represent non-diffractive beams,

Tn (r) = Jn(aR) exp (ibz) exp (in(p),

	

(4)

where a'+ b2 = k 2 , and R, cp and z are cylindrical coordinates, the vector wave
functions, M n and N n , can be written in the form
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Mn = 2 [uRi(J,,-1(aR) + Jn+ 1(aR)) - uw(Jn-1(aR)

- Jn+ 1(aR))] exp (ibz) exp (in(p),

	

(5)

Nn= a2k [uRib(J„ _ 1 - J,,+ 1) - u,,b(Jn-1 + J„+,) + uz2aJ„] exp (ibz) exp (incp), (6)

where UR and u, are unit vectors in the radial and azimuthal directions, respectively,
and J; _- J,{aR) denote jth-order Bessel functions of the first kind . The radial,
azimuthal and longitudinal components of the vector amplitude can now be written
as

UR = - i 2 exp (ibz) E exp (in(p)(exp (igp)an+ )1 + exp ( - itp)an-'1 )J„(aR),

n

n

a
U, = 2 exp (ibz) I exp (in(p)(exp (i(p)an+~ 1 - exp ( - icp)an- )1)J„(aR),

	

(8)

a2
Uz

	

2b exp (ibz) E exp (ingp)(an + l - an- ) )J„(aR),

	

(9)
n

where

a(+) = a n + k fln,

a(-) =a - b/~„

	

n

	

k f'n .

Let us now concentrate our attention on the simplest vector non-diffractive beams
which can be obtained from the general solution (7-9) .

Example 1 : Azimuthally polarized beam

a n(-) = an- =

	

a
aSon, (A--=M o

iw

UR=O,

U, = - a2J1(aR) exp (ibz),

Ux =O.

Example 2: Radially polarized beam

ak
an+ ) = -&- = aSo„, (A =

	

No
ibw

UR = i2a2J1(aR) exp (ibz),

U, 0,
2

UU = - b Vo(aR) exp (ibz) .

Example 3: Circularly polarized beam

(
an-) = 0, an +) = abz„, A

	

ak

	

b
=
iw(b+k) (k

M2+N2)) .

(7)
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1 558 Z. Bouchal and M . Olivik

Ux = - i 2 Ji(aR) exp (iq) exp (ibz),

U,, = as2 Jt (aR) exp (i4) exp (ibz),

U_
aa2

z

	

2b J2(aR) exp (i2cp) exp (ibz) .

Example 4 : Linearly polarized beam

a

	

b
an+ ~= atln,an- =08-I n,(A= i2

w (M1 +M_ 1 + k (N A -N -1))) :

Ux = - iaaJo(aR) exp (ibz),

U,,=0,

a2
Uz = - a

b
Jt(aR) exp (ibz) cos cp .

2 .2. Decomposition to the vector angular spectrum
The vector complex amplitude of the electromagnetic field propagating into z > 0

can be decomposed to the angular spectrum of the form

U (r) = exp (ikz) J
J

	

a(p, q) exp [ - iik(p 2 + q 2 )z] exp [ik(px + qy)] dp dq, (10)

where p and q are the direction cosines of the angular components with respect to
the x and y axes, respectively, and the direction cosine m, related to the z axis, was
approximated by m = 1 - (p2 + q 2 )/2 . Applying the azimuthal angles O and 0, the
angular spectrum can be rewritten to the form [4]

n

	

n/2

U(r) = 2 J

	

d¢ J

	

d0 sin 19F(19, 0) exp (iks • r),

	

(11)
rz

	

o
where s =- s(p, q, m) is the unit direction vector . To obtain the non-diffractive field,
the angular spectrum must be related to the Dirac delta-function

F(O 0) = V(0)
8(O - Oo)

	

(12)sin Ool
where Oo < m/2 and V(O) is an arbitrary vector complex function . By using the polar
coordinates R and 'p, the vector complex amplitude of the non-diffractive field can
be written in the form

U(r) = 2 exp (ibz)
J

V(q5) exp [iaR cos (0 - 9)] do,

	

(13)
n

where
a=ksin0,

b=kcos0,

0=0o.

On the assumption that the field amplitude is the scalar function of the form
i-(n+1)

V =

	

k exp (incp),

	

(14)
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we obtain the known diffraction-free beam transverse intensity distribution which
is given by the Bessel functions J,, .

Let us now concentrate our attention on the vector non-diffractive beams which
are assumed to be composed of the angular components given by the Dirac
delta-function (12). Such angular components are plane waves with their wave
vectors ko on the conical surface. The vector amplitudes of the plane waves
V'(4) _- (Vx, V;,, Vz) are defined in the Cartesian coordinate system (x', y', z')
whose z'-axis coincides with the wave vectors k o . The corresponding vector
amplitudes V(O) =-(VV, V,,, VZ ) used in equation (13) can be obtained by the matrix
transformation

V(O) = V'(O)T,

	

(15)

where
- sin 0

	

cos0

	

0 \

T = - cos e cos o - cos e sin 0 sin e .

	

(16)

- sin e coso - sin e sin 0 cos e
If we now define the vector amplitudes V', the various polarized non-diffracting
beams can be simply examined .

3 . Radially and azimuthally polarized non-diffractive beams
The simplest solution providing the radially polarized non-diffracting beams can

be obtained on the assumption that its angular spectrum is composed of plane waves
with constant amplitudes and phases at the given plane = z = zo . In that case, the
amplitude components can be written as

V;, = Vo = const, Vx = V' = 0 .

	

(17)

The proposed model is related to the experiment in which unpolarized light is
transmitted through axicon polarizers . As stated in [28] this technique can provide
both of the nearly pure radial and azimuthal polarizations, respectively, with
transmission of the wanted component of more than 96%. On introducing the
amplitude transformation (15) into (13), the beam amplitude components can be
obtained analytically as

Ux(R, (p) = - Vob cos cpJi(aR) exp (ibz), (18)
Uy(R, cp) = - Vob sin cpJi(aR) exp(ibz), (19)
UZ(R, (p) = iVoaJo(aR) exp (ibz),

	

(20)

where J0 and Ji are the zero and first-order Bessel functions of the first kind,
respectively. The beam is radially polarized with the radial and longitudinal
intensity components given by

IT(R) = z V ob 2Ji(aR),

	

(21)

IL(R) _ Voa 2Jo(aR) .

	

(22)

The transverse and longitudinal intensity components (see figure 1) depend upon
b = k cos O and a = k sine, respectively, so that the longitudinal component of
the field is appreciable only for beams with a small spot size . Note that the
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(a)

(b)
Figure 1 . Intensity of the radially polarized non-diffractive beam generated by an axicon

polarizer (n = 0, unpolarized input wave) : (a) normalized transverse intensity
component, (b) normalized longitudinal intensity component .

above-examined angular spectrum (12) and (14) with n = 0 provides the non-
diffractive zero-order Bessel beam in the scalar approximation .

Consider now the more general vector beam whose angular spectrum consists of
components with phases varying in dependence on the azimuthal angle 0. Such a
situation is important as the phase variations of the angular components result in
high-order Bessel beams in the scalar approximation . The radially polarized beam
can now be defined by the amplitudes of the angular components given by

V;,=Vo exp(in4), Vx=Vz=O .

	

(23)

Applying the transformation matrix (16), we obtain the following amplitude
_components of the formed non-diffractive beam

Ux(R, (p) = i (n+2)* Vob exp (in (p)[exp (iq )J" + 1(aR)

- exp ( - i(p)J„-i(aR)] exp (ibz),

	

(24)

U,,(R, (p) = i(n+ 1)j Vob exp (intp)[exp (i(p)J" + 1(aR)

+ exp ( - itp)J"- i(aR)] exp (ibz),

	

(25)

UZ(R, (p) = ll"+ 1) Voa exp (in(p)JJ(aR) exp (ibz) .

	

(26)

The transverse and longitudinal intensity components can be expressed in the form
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(a)

(b)

Results obtained numerically for n = 1 and n = 2, respectively, are shown in
figures 2 and 3 . Note that the transverse intensity component is non-zero at the axial
points of the beam only if n = ± 1 . As is obvious, the above-examined non-diffractive
beam can be formed from initially unpolarized light . If the examined axicon polarizer
providing radial polarization is used with the initially linearly polarized light [28],
the amplitudes of the angular components become

V;, = Vo cos 4 exp (inch), Vx = Vz. = 0,

	

(29)

and the amplitude components of the generated beam are obtained in the forms

UU.(R, (p) = i(n+ 1) Vob exp (incp)[J„(aR) - 1(exp (i2cp)Jn+ 2(aR)

+ exp ( - i2cp)Jn -2(aR))] exp (ibz),

	

(30)

U,,(R, (p) = i (n+2)*Vob exp (imp)[exp (i2cp)Jn+ 2OaR)

- exp ( - i2gp)Jn - 2(aR)] exp (ibz),

	

(31)

Uz(R, (p) = i (n+ 2)1Voa exp (incp)[exp (i(p)JJ+ 1(aR)

- exp ( - i(p)Jn _ 1(aR)] exp (ibz) .

	

(32)

Figure 2 . As in figure 1 (n = 1, unpolarized input wave) .

IT(R)
=IV

ob 2(Jn-1(aR) + J,2, + 1(aR)), (27)

IL(R) = i V2 a2J ;,(aR) . (28)
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(a)

(b)

Figure 3 . As in figure 1 (n = 2, unpolarized input wave) .

The circularly non-symmetrical intensity distributions can now be obtained as

IT(R, (p) - *Vob2[Jn+ z(Jn+2
+ j2

n-2) - (Jn+2+Jn-2)Jncos2(p],

	

(33)

IL(R, (p) _*Voa2(Jn+l +
j2

_ 1 - 2Jn+lJn -i cos 2(p),

	

(34)

where J;=-J,{aR) . As is obvious from figures 4 and 5, the intensity distributions are
circularly non-symmetrical due to azimuthal amplitude dependence of the angular
components. On the assumption that the linearly polarized input wave is
transformed by the radially polarizing axicon without azimuthal phase variations,
i .e . n = 0, the amplitude components of the generated diffraction-free beam can be
simplified to the forms

U.(R, (p) = ijVob[Jo(aR) - cos 2tpJ2(aR)] exp (ibz), (35)

U,,(R, (p) = - i2 Vob sin 2cpJ2(aR) exp (ibz), (36)

UZ(R, (p) = - Voa cos ppJi(aR) exp (ibz) .

	

(37)

We now consider the azimuthally polarizing axicon used with the unpolarized and
linearly polarized input light, respectively, so that the corresponding amplitudes of
the angular components can be written as

Vx = Vo exp (ino),

	

V;, = V , = 0,

	

(38)
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e. S ,

(b)

Figure 4 . As in figure 1 (n = 0, linearly polarized input wave) .

Vx= Vocosd exp(in4), Vy= Vz=O .

	

(39)

Applying the transformation matrix (16) we can verify that the amplitudes of the
azimuthally and radially polarized beams are simply related as

4. Linearly polarized nondiffractive beams
The simplest form of the linearly polarized non-diffracting beam was examined

in example 4 as a solution to the vector Helmholtz wave equation . Let us now discuss
the possibility of generating such a beam from the linearly polarized wave applying
the linear axicon . The examined experimental situation is related to the field
amplitudes by

cos e coso	Vx = Vo
(cosz O+ sin z Osin z 1,2 exp (ino),

	

(43)
4)

Uzaz)( r) _ _ 1b Uyrad) (r), (40)

U(az)( r) = 1 U(rad)

Y

	

b

	

x (r) , (41)

Uzaz)(r) = 0 . (42)
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(a)

(b)
Figure 5 . As in figure 1 (n = 1, linearly polarized input wave) .

sin
V y = V°

(cos t O + sin' O sin' t~)ll2
exp (into),

	

(44)

V z = 0 .

	

(45)

Applying the transformation matrix (16), the amplitude components of the formed
linearly polarized non-diffractive beam can be obtained in the form

U .. = 0,

	

(46)

Uy = it - "kV° exp (in(p) exp (ibz) i vq(exp ( - i2g(p)J- (2q+ ")
q=0

+ exp (i2g(p)J(2q-n)),

	

(47)

U, = i t - " Ilk V° exp (ingp) exp (ibz) tan O E Wq(exp [ - i(2q + 1)(p]J(2 q- n+ 1)
q =0

+ exp [i(2q + l)gp)J-(2q+ n + 1)),

	

(48)

where

vq = (i_ibq0 n) j ( _ 1)m
( 2m ~ (2m- 1)!! tan''" ~D,+(-1) m=q

	

m-q

	

m!8
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0

Figure 6 . Ratio of the weighting coefficients for the linearly polarized non-diffractive beam .

W,

	

1

	

2m + 1 (2m - 1)!! tan2m Om

q m=q

	

m q

	

m.8m

(2m - 1)!! _- 1

	

form = 0,

(2m-1)!!=-1 .3 .5 . . .(2m-1) for m00 .

On the assumption that the angular plane wave components are superposed without
phase changes, i .e. n = 0, the simplest form of the realizable linearly polarized beam
can be expressed as

The used coefficients v q and wq strongly decrease with increasing q (see figure 6) so
that the simplest form of the linearly polarized beam discussed in example 4
represents a good approximation to the one obtained in the experiment only if the
beam central spot is much larger in comparison with the wavelength .

5 . Conclusions
The amplitude components of the vector non-diffractive beams were obtained

as general solutions to the Helmholtz wave equation . The simplest beam forms were,
related to the radially, azimuthally, circularly and linearly polarized beams .
The possibility of realizing such beams was discussed, applying the vector angular
spectrum for the experiments based on the axicon polarizers used with both the
initially unpolarized and linearly polarized light .

U,z =0, (49)

U,, = i2kVo exp (ibz) I v gJ2q(aR) cos 2gcp,
q=O

(50)

Uz = kVo exp (ibz) tan O E wgJ2q+ 1(aR) sin 2gtp .
q =o

(51)
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