OPTI-310. Review of useful formulas 1.

DISCLAIMER: this document may contain mistakes! It is the user’s responsibility
to identify them.

Vector identities:

Operators:
gradient:
~0 -0
i = 4 =
\Y% Z@x +‘78y + 3
curl:

(VxE),=08,E,—0.E, , (VxE),=08,E,—0,E. . (VxE),=08,E,—0,E,
Laplacian:
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Operator identities:

—

Vx(VI)=0 , V.(VxB)=0

—

V x (VxE)=VV.E—-AE

Vi) — vector , V.B — scalar , VxE — vector , AE — vector , A — scalar

Gauss and Stokes theorems:
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1D Wave equation:

1
(Orz — ﬁatt)w(xat) =0
general solution:

(1) = f(z —vt) + g(x + vt)
3D Wave equation:

1
(A - /U_Qatt)d}(aja Y, <, t) =0
Harmonic wave solutions:
(7, t) = Acos(k.F — wt + €)
Complex representation:
E(7,t) = Re{A explik.7 — iwt + ic]}
Dispersion relation, period, frequency, wavelength, ...

bo gl 2 _ )
v v w kv v

Differential operators acting on harmonic plane waves in complex representation:
VY =iky , V =ik
Vi =—k . V=K
Y =—wy , O =—iw

Optp = —wa , Oy = —w?

Spherically symmetric harmonic waves

W(r, 0, 0,t) = é cos|kr £ wt + €]

Laplacian of a spherically symmetric function:

A1) = (1) + 20,0(r)



Electromagnetism
Lorentz force
F=qE+qix B
Maxwell’s equations in integral form (in a dielectric medium with no free charges
and currents):

Gauss:
fﬁ.ﬁ: f{ B.dS=0
A A
Faraday:
¢ Ear—- [[ aB.a3
c A
Ampere:

7{ Bdl = poe / / 0,545
C A

Maxwell’s equations in differential form (in a dielectric medium with no free charges
and currents):

Gauss:
V.E=V.B=0
Faraday: . .
V X E = —8,53
Ampere:

VxB= ,uoeatﬁ
permitivity, permeability, speed of light:

€=coe, , € =28854x10"2F/m , =41 x10""H/m

[]_E As A% [ ]_E_E_VQSz
60—m—Vm_Nm2 ’ 'uo—m_Am_Nm2
copto = 1/¢*

Maxwell’s equations in differential form (in a dielectric medium with no free charges
and currents) in explicit component form:

Gauss:
OBy + 0By +0.E, = 0
0.B, +0,B,+0,B, = 0
Faraday:
8yEZ - aZEy - —@,Bw
aZEZ- - (%EZ == —8tBy
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0,E, — 0,E, = —0,B.

Ampere:

0yB, — 0.8, = €0 E,
0.B, —0,B, = el E,
0,By — 0yB, = €0 E,

Maxwell’s equations in differential form (in a dielectric, non-magnetic medium):

VD=p , V.B=0 , VxE=-0B , VxH=8,D+J

Constitutive (material) relations:
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é = /J/Oﬁ ) 5 = GOGTE
Charge conservation:

o 8p
V.J—G—E—O

Electromagnetic wave equations
Derivation - wave equation for E (taking curl of Faraday):

VXVXE:—ﬁtVXé

VV.E — AE = —8,(110ed,E)
= n2
—AE = —M0€0€rattE = —C—QﬁttE

AE - 0—28ttE - O

Derivation - wave equation for B (taking curl of Ampere):

V XV x B = 1gedyV x E

Plane-wave solutions:



E = Eyexplik.7 —iwt +ic] , B = Byexplik.F — iwt + ic]
dispersion relation (constraints propagation vector and frequency):

2,2
k.k:k2zw ;o n(w)? =e
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Phase (propagation) velocity and group velocity:

k(w) Ok(w) Uy
1 - 1 = = —
/v w /¥ w0 9T + 2o

— —

transverse properties (E, B, and k form a right-handed system):

— —

ED.E = EDE =0 R EQ.EO =0 CBO = EQ s ED = ;k X EO

in-vacuum relation between magnetic and electric intensities:
Ey = ZyHy ,impendance of free space : Zy =/ po/€o0 = 37792

Energy density:

- 1 - =
E.E+ —B.B = ¢cE?
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Poynting vector:

— 1 — —
S=—ExB , S(t)=encE*(F1t)
Ho

Irradiance, time averaged energy flow:

1
<S>r=1= éeoncEg

Photons
Photon energy, photon momentum

Epy=hwo=hv , h=h/2r) , h=1054x10"Js , p=hk
Photon flux density (particles per second through an area) and photon flux in a
light beam with intensity / and power P:

I P
flux density = — b =_—
ux density P Py

radiation pressure (total absorption, additional factor of 2 for total reflection):
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Gaussian beams:
Intensity profile (propagation along z), effective area, power:

2 2
I(r,2) = Io [ —2 ) e 2w 4= p_ap o= mw(z) I(r =
w(z)

w(2) = wp 1+(i)2 , R(z):z[l—i—(Z—R)Q}

ZR z
Gaussian beam waist (spot size): wy

Rayleigh range zg (confocal parameter b = 2zy) and divergence angle ©:

2
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Interference
Young’s two-slit experiment (hole-distnace h, observation screen distance x):

<8 >r (2A)21 Q{kyh}
=|— ] =Zcos®|—=—

€gnc T 2 2x

fringe spacing:



